Introduction
Laplace transform techniques for solving differential equations do not seem to have been directly applied to the Schrodinger equation in quantum mechanics. This may be because the Laplace transform of a wave function, in contrast to the Fourier transform, has no direct physical significance. However, this paper will show that scattering phase shifts and bound state energies can be determined from the singularities of the Laplace transform of the wave function. The Laplace transform method can thereby simplify calculations if the potential allows a straightforward solution of the transformed Schrodinger equation. Suitable cases are the Coulomb, oscillator and exponential potentials and the Yamaguchi separable non-local potential.
In section 2, the required properties of the Laplace transform (hereafter called the transform) are stated. Then the method is used to find the energies of bound S-states in a Coulomb potential. Next the bound state energy and scattering phase shift of the Yamaguchi potential are calculated. The behaviour of the Jost function at the origin can also be found, and the exponential potential is treated in this way. Section 6 completes the solution of the Coulomb problem, and treats the three-dimensional harmonic oscillator. Finally the scalar product of two wave functions is calculated by constructing a differential operator from one transform, and applying it to the other transform. The complex conjugate of any operator defined on the transforms may then be determined directly.
The essential features of this method of finding the asymptotic form of the solution of a linear differential equation have been given in previous treatments [3, 8] of the Laguerre equation, especially that by Murnaghan, who noted the application to the hydrogen atom. The examples below show that all physically significant quantities can be obtained directly from the transforms without inverting.
An appendix records the Laplace transform of J v {^e"^r), obtained first by comparing Section 5 with the standard treatment of the exponential potential, and then directly in a simpler form. This is believed to be a new result.
Properties of the transform
The transform of f(r) is
F(s)=Lf(r)=j"er«f(r)dr
and has the properties
The relation between the asymptotic behaviour of /(r) and the singularities of 
Coulomb potential: bound S-states
This example is given first, since the standard treatment is very wellknown. The potential is V(r) = -Z&r~x, and the radial equation may be written -\v?ru{r) = 0. 
The Yamaguchi potential
The non-local potential with
W a dimensionless constant, only acts in S-states, in which the radial equation , and their residues must all vanish to get a bound state. However, it turns out that all the residues have J iKa (%b) as a factor, so that just one condition is sufficient.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700006212
The Coulomb potential
The bound S-states were deduced in Section 3. With the same notation, the radial equation for angular momentum / rV'+odm-\a.
2 r 2 u-l(l+l)u = 0.
The transformed equation is i = 0.
Differentiate (I-I) times, and put V(s) = U ll) (s). There results a first order equation for V(s), giving
V = q s -l a^-' -^+ i o c ) -* -' - 1 .
From (2.3), this is the transform of (-r) l u(r).
The existence of bound states, which depends on the elimination of positive exponential terms from the asymptotic form of u(r), can therefore be investigated from the singularities of V(s). The required condition is that X-I is a positive integer, so that V has no singularity at s = -|a.
It is also convenient to treat S-states separately in the scattering problem. Changing the variable to r 2 -x, and then transforming, gives an integrable first order equation for W{t), the transform of w{x). When 1 = 0, w'(x) -> oo as x ->• 0, so xw" should not be transformed by successive use of (2.1) and (2.3), but by using L{xw") = -Lim (xw')-Lw'+tL{xw').
x-+0
(This is also required in section 3.) The solution is
The eigenvalues are determined by the condition that y-JJ-f must be a non-negative integer N, so that
The Laplace transform method can also be used when the Coulomb problem is solved in the parabolic coordinates | = r-\-z, t] = r-z, <f>. Assuming a bound state wave function i{£)g{r])e im ' t ', and separating variables, gives [6] 
Evaluation of scalar products
In some of the above examples, the transform is simpler than the wave function. To exploit this fully requires some way of obtaining expectation values directly from the transform. The operators -d/ds and s acting on the transform correspond to the operators r and djdr acting on u(r). The only problem is to find what operation on the transforms U(s), V(s) corresponds to taking the scalar product \™u(r)v(r)dr. This is also needed to discuss normalization of transforms.
For example, the bound Coulomb 5-states have normalized radial wave functions [6] 
where (r-\-• • •) is a polynomial in r. Taking the transform gives
which is an expansion of the normalized transform in inverse powers of (s+^oc). Writing . This result was given by Cremonesi [1] , who applied the Schmidt orthonormalization procedure to a set of functions of the type u (r), by working in terms of the transforms. From the present viewpoint the result may be recorded in the form that the scalar product of (s-\-a)~n and V(s) is
Since any radial function u(r) can be expanded in a series of terms like r n e~a r , with a real, any transform can be expanded in a series of terms like (s+ «)-". Then as the operation of taking the scalar product depends antilinearly on the bra, the above result is sufficient. When using the transforms, scalar products are obtained by differentiation instead of the usual integration. In the bound state examples above, the transforms are rational functions, which must be expressed in partial fractions to obtain the appropriate differential operators. Thus (7.1) shows that the scalar product of U n (s) and any V(s) is m=0
In particular, U 1 (s) = C 1 (s+Ja)~2 has length 
